Abstract. We prove an existence and uniqueness results for a system of nonlinear integrodi erential equations that model steady-state combined radiative-conductive heat transfer. Our approach uses two di erent formulations of the system as a compact xed-point problem. One formulation, which has been used in numerical work, is used for uniqueness and a new one is used for the existence proof.
1. Introduction. In 9] and 5] models for coupled radiative-conductive heat transport are discussed. These models can be expressed as nonlinear systems of transport and di usion equations. The purpose of this paper is to prove existence and uniqueness for these systems. In the interests of simplicity, we consider only isotropic scattering, homogeneous media, and Dirichlet boundary conditions. Our approach may be extended directly to the more complicated cases involving re ecting boundary conditions, inhomogeneous media, and anisotropic scattering, using the methods described in 3], 7], and 4].
In this introductory section we describe the system of equations we seek to solve.
In x 2 we reformulate the system as a compact xed point problem in two ways. The rst approach has been the basis for numerical results 9], 8]. The second, new in this paper, is applied to prove existence and uniqueness results in x 3 and x 4.
We consider the normalized form of the equations as described 2. Compact Fixed Point Problem. In this section we show how existence of a su ciently regular solution of the system in x 1 can be related to existence of a solution of a compact xed point problem in two ways. We apply one of these formulations to prove regularity of solutions and will use the other to prove existence in x 3. We can obtain a regularity result directly from (2.10) or (2.11). Theorem 2.1. Let parameters l , r and c be given with 0 c 1. Let 2 C 0; ] be a xed point of F, where F is given by (2:10). Then 2 C 2 0; ] and if is a solution of the boundary problem given by (1.1) and (1.2), the pair ( ; ) is a solution of the system (1.1), (1.2), (1.3), (1.4).
Proof. Note that F is a continuous map from C 0; ] to C 2 0; ]. Hence, if is a xed point of F, then satis es (1.3) with Q given by (2.8).
One can proceed from (2.8) in a di erent way. We de ne F( 4 ) = f, where f is the solution of (2.2). F is a completely continuous map on C 0; ]. With this notation, F( ) is the solution T to the linear boundary value problem T 00 = ( 4 ? F( 4 )); T(0) = l ; T( ) = r : Our alternative formulation is to de ne T ( ) to be the unique nonnegative solution T of the nonlinear problem T 00 = (T 4 ? F( 4 )); T(0) = l ; T( ) = r :
(2.12) Our second compact xed problem formulation is = T ( ):
At times in our analysis the dependence of T and F on the boundary data l and r will be important. When that is so we may make that dependence explicit by writing F( 4 ; l ; r ) and T ( ; l ; r ). We must prove, of course, that (2.12) has a unique nonnegative solution, which we do in the next section.
3. Existence of Solutions. Our existence results are based on the xed point problem (2.13). We will apply the Schauder xed point theorem 6] to the map T . To do this we must rst show that the map T is de ned and completely continuous.
We de ne ? = min( l ; r ) and + = max( l ; r ):
We then show that T maps the convex and bounded set D = fu 2 C 0; ] j ? u + g (3. 2) into itself.
3.1. Properties of the map E. We begin with several results on (3.3). With these results in hand we will be able to express T as a composition of two nonlinear maps, F and E, where To prove the uniqueness assertion, let T and S be two nonnegative solutions of (3. We close our discussion of E with a continuity, di erentiability, and compactness results. where C = kD ?2 k 2 is independent of f and g. We may multiply both sides of (3.9) by S and integrate by parts to obtain kS 0 k 2 (kpk 1 kSk 2 2 + kSk 2 kf ? gk 2 ) (C + 4 3 + C 2 )kf ? gk 2 We close with a di erentiability theorem. 3.3. The map T and Existence of Solutions. Our main result in this section is that the map T is well de ned and maps D into itself. The complete continuity of T follows from that result. We begin with Corollary 3.9. Let c 2 0; 1], 2 (0; 1), l ; r 0, and 2 D, where D is given by (3.2) . Then (2.12) has a unique nonnegative solution T = T ( ) and T ( ) 2 D.
Proof. We apply Theorem 3.2 with f = F( 4 ) 2 D.
Existence of a solution to (2.13) will follow from the Schauder theorem and Proof. The di erentiability and complete continuity of T follow from Theorems 3.5 and 3.8. Since T ( ) = E(F( 4 )), the existence follows from Theorem 3.5
and Lemma 3.6 and the Schauder xed point theorem.
We will use the following monotonicity result for T in our uniqueness result. 4. Uniqueness. In this section we address the uniqueness question. We show that T has a unique xed point in D and therefore the the system (1.1), (1.2), (1.3), (1.4) has a unique solution subject to the constraint that 2 D.
We can use Lemma 3.11 in a direct way to prove our uniqueness result. Our nal result concerns the dependence of on the boundary data l ; r . For a given c 2 0; 1], 2 (0; 1), and N c > 0 we de ne (x; l ; r ) as the unique solution of (2.12) with boundary data l ; r .
Our monotonicity result says that the solution is increasing in l and r . The theorem follows directly from Lemma 3.6, Corollary 3.3. and using (2.7) completes the proof.
